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Theory of Irreversible Processes in Nonequilibrium
Quantum Systems. I. General Formalism

Nobuhiko Mishima,! Tomio Yamakoshi Petrosky,? and Ryoji Snzuki >

Received January 11, 1979

The theory of Van Hove for nonequilibrium quantum statistical mechanics
is extensively reformulated in terms of a superspace (a kind of operator
space). This reformulation enables us to introduce a diagrammatic method
which makes it convenient to deal with practical problems in physical
systems. In our formalism, quantum statistical effects are considered on
the basis of a systematic rule for the contraction technique. A complicated
statistical effect in boson or fermion systems can be treated by starting with
a simple unsymmetrized formalism in the Boltzmann statistics.

KEY WORDS: Two-resolvent method; compensative relation; product
and ordered product representations; moving contraction; internal and
external contractions.

1. INTRODUCTION

Since the generalized master equation was first derived by Van Hove,®
remarkable progress has been made in the study of irreversible processes in
nonequilibrium statistical mechanics. Much of this progress has been
achieved by the Brussels school led by Prigogine,*-1® on the basis of the
one-resolvent method and a simple diagrammatic representation. However,
only some work on the two-resolvent method for Van Hove’s original theory
has been done.***® One of the niain reasons for such slow progress in the
two-resolvent method is that the perturbation series of this theory has a
much more complicated structure than does that of the one-resolvent method,
and it does not have as simple a diagrammatic representation as does the
one-resolvent method.
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The first aim of the present work is to enhance the usefulness of the two-
resolvent method by introducing a diagrammatic representation that gives
for the perturbation series of this theory a parallel form to that for the one-
resolvent method. Our idea involves the use of a superspace, which was
introduced in our previous work.® According to the reformulation of this
theory in the superspace, a diagrammatic representation called the product
representation can be introduced. By using this representation, we can
express the perturbation series in a form separated into four fundamental
components: a creation part, a diagonal part, a destruction part, and a part
representing the propagation of correlations, as in the one-resolvent
method.® This product representation is further developed into an ordered
product representation, which offers a very simple relationship between the
asymptotic time dependence of each term in the perturbation series and the
topological structure of the corresponding diagram. The collision kernel of
the asymptotic kinetic equation can be systematically constructed from a
compensative relation based on the conservation law of the probability.

The second aim of this work is to give a new treatment of quantum
statistical effects in the asymptotic time evolution of a system on the basis of a
systematic rule for the moving contraction technique,** and to show how the
two-resolvent method is suitable for dealing with these complicated statistical
effects. In our formalism, these effects are treated by noticing that some of
the Fourier components of the Wigner distribution function are contracted
to lower components through the symmetric properties of the wave function.
In order to represent these effects of the contraction in a visualizable form,
our diagrammatic method is further extended. We find that quantum
statistical effects can be classified into two groups: internal ones among the
particles in a collision, and external ones between a particle in a collision and
a background particle. Consequently, by starting with a simple diagram in
the Boltzmann statistics, we can include quantum statistical effects in our
formalism merely by putting the two effects of the contraction into the
original diagram.

We find that the collision kernels of the quantum statistical kinetic
equations for various systems (examples treated are of a homogeneous
system and of a linearized hydrodynamic system) can be easily obtained on
the basis of the perturbation theory of the two-resolvent method.

2. FORMALISM

2.1. Introduction
As usual, we consider N identical particles with the Hamiltonian

N 2 N t
H=HD+AV=2%+AZ V(jr; — 1)) @1
i=1 i<j
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in a cube of volume (27)3Q with periodic boundary conditions, and introduce
the unsymmetrized N-particle eigenstate of H;, [p"), belonging to the
eigenvalue E v = ¥ p,2/2m, by
Ho[p"> = Eyv[p™) 2.2)
which forms a complete orthonormal basis of the ordinary Hilbert space §,
1.e.,
N
<prpy = H @ — p) (2.3)
i=1
> "] =1 2.4
DN

Here, 8%(p) is the Kronecker symbol and the abbreviated notations p¥ =

P1s.-» Py and Dpv = >+ >, are used. The matrix element of the potential
is given by

N
@Yy = Q7 3 > vlg) 85 — b’ + fiq) (p; — B, — Fig)

i<j q
N
x [ ] %@ — p) (2.5)
1#1,5

where v(q) is the Fourier transform of V(r), i.e.,

1 .
o(q) = Wf dr V(r) expliar) 2.6)
We are interested in an asymptotic system in the ‘““thermodynamic
limit” (T-limit), i.e.,
N — 0, Q — o0, N/Q = (27)%¢ = const 2.7

where ¢ is the density of the system. In the limit Q -> co, the Kronecker
symbol and the summations on momentum and on wave vector are replaced
~ by the Dirac delta function and integral signs, respectively, as

70 55(p) — 5(p), h3Q"1Z—+J d, Q‘lz—af dg (28)
D D
The symmetrized and antisymmetrized N-particle momentum states

|p¥> s are used as follows; from the basic states of (2.2) we have

[p">° = (WD [Py P 29
where the symmetrization operator is defined in terms of the permutation
operator Q, which replaces p; by pg,,... and py by pe,. by

S = (N D 6%Q (2.10)
Q
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Here, the sum on Q runs over the N! permutations. The statistical factor ¢
is equal to 1 for bosons and —1 for fermions, and ng is the number of inter-
changes in a permutation Q. We further use the interchange operator Q,;,
which corresponds to the interchange of p; and p,.

We now briefly explain our superspace &, which is g kind of unitary
space consisting of linear operators {X, Y,...} in the Hilbert space § (see
Ref. 13 for more details). We denote the elements of the superspace by curly
ket vectors {| X), | Y),...} and their adjoints by bra vectors {(X|, (Y|,...} and
call them supervectors (s.vectors) or superstates (s.states). The inner product
between them is defined by

(X1Y) = tr[XtY] = (Y1 XY (2.1

where tr means the trace and X is the adjoint operator of X in $. We further
introduce the “ordered superoperator,” which is a kind of operator on &,
as follows: Corresponding to two operators 4 and B in $, the ordered
s.operator (4 A B) is defined as

(A A B)|Y)=|AYB) (2.12)
for any s.vector | Y). From this definition we get the formula for the product,
(A A B)(C A D) = (AC A DB) (2.13)

For brevity, it is convenient to introduce the ““ one-sided s.operators,” which
are defined by

A>=(A A D), B<=(1AB) (2.14)
They satisfy the following relations:
(AANB)=A>B = B<A>, (AB)> = A>B>, (AB)° = B4~ (2.15)

We further denote a dyad operator, |p*><{p’"| by a s.vector |p¥;p'"),
which satisfies the eigenvalue equations

Ho™ [p%;p'") = Ew[p"; ™), Ho“[p";p™) = Eplp¥;p™) (2.16)
and forms a complete orthonormal basic set in &, i.e.,

N

@ p e q™ = [[ [ 550 — 9) @/ ~q/) (217

i=1j=1

> > P p ey p =1 (2.18)

pV p'¥

A symmetrized dyad operator |p¥)s s(p'?| is also denoted by |p”; p'")*.
The density matrix p(¢) is expressed by a s.state |p(2)) in S and is governed
by the von Neumann equation,

i# 0, p(1)) = #|p(1)) (2.19)



Theory of Irreversible Processes in Nonequilibrium Quantum Systems. | 351

where the antisymmetrized super-Hamiltonian 52 (the so-called super-
Liouvillian) is defined by

# =H> - H- (2.20)
Let us introduce the Wigner distribution function®
FN(Xla“-: Xn» P1>---: pN: t)

1 -
= -————WSN! ; €Xp [1 izl kiXi:|

fi fi # A
<o+ S i = Flne = Sklo) 021

which is a useful tool for treating in a unified way a homogeneous and/or an
inhomogeneous quantum system. The sets {Xi,..., Xy} and {p;,..., px} are
variables in the quantum phase space, where x; is defined as a conjugate
variable to the relative wave vector k; of the ith momentum p; + (#/2)k; in
the Fourier transform.

We assume that the Wigner distribution function is normalized in the
T-limit as

f (dx) f (dp)" Fy(x", p", 0) = 1 2.22)

which corresponds to tr p(0) = 1 in $.
We further use the reduced distribution functions for a set of a finite
number of particles, which are defined by

. N! N-s N-—s N N
f;(xlr'wxsapls'“,pS’z) = (]v__s—)!f (dX) J (dp) FN(X . t) (223)

s(P1se-s Psy 1) =f (dx)NJ (dp)¥ —= Fy(x, p~, 1)

A reduced description of the system is only meaningful in the case where the
reduced Wigner functions exist in the T-limit. Then, following Prigogine and
Balescu,® we introduce a Fourier component py, .y for the Wigner function
Fy as

.....

Fy = (8#39)N{p0(| L)+ Q1 Z Z' PiPi]--; 1) exp(ik;x;)

N
+ Q7 z zl Z/ [Pki,k,»(Pi, Pil; 1) + Q8¥(k; + k)

i<j ki Kj

X pro @1 Dol O] explillix, + k)] + } (2.24)
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and thus we get

Pkl ..... k,—(pla--w Prlpr+1)"'> PN; t)
= QVU(#NT) -1

s f fi A
X (pl + Ekl’--': P- + ikra Preises PysP1 — Eklr"’

fi
P = 5k s Balp)) 229

where the prime on the summation sign indicates the exclusion of k = 0,
and v, is the number of independent nonzero wave vectors in k,,... k,. In
this component, the momentum argument on the left side of the bar indicates
the center of momenta on the off-diagonal elements having nonzero relative
momentum 7ik. For the case of a homogeneous system, only the components
with >, k; = 0 give a nonvanishing contribution for Fy. The component
having all zero wave vectors, po(p”; t), is simply the momentum distribution
function, i.e., py = ¢y. It is further assumed that the following factorization
properties of the Fourier components hold ¢-%:

N
po([Prses P 1) = | | 1@ 1) (2.26)
i=1
Pk1,...,k,(pla--'= PrlPr+1’---a Pw;t)
N
= o0, s P t) || $:pis ) (2.27)
i=r+1

Here, the reduced Fourier component is defined by

Pg;,...,k,(l)l R | t)

= @Y S S g i@ BBt Pas 1) (2.28)

Dr+1 Py

and is closely related to the correlation function for the homogeneous system.
Thus, the components having nonzero wave vectors are called “correlation
components,” and p, is the “vacuum component” for the homogeneous
system.®® The concepts of correlation component and vacuum component for
inhomogeneous systems are extended in Sections 5 and 6.
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2.2 Perturbations and Diagrams

The solution of the von Neumann equation (2.19) can be expressed by

lp(1)) = (t)|p(0)) (2.29)

where the time evolution s.operator %(t) is defined by

A(t) = exp(—iA1/h)

(2—_;)7 r d f o dz' {exp[—i(z — Z)/A}R” (2)R=(z") (2.30)

Here, the resolvent s.operators are defined by R3(z) = (H < — z)~* and the
paths of integration I' and I'" are any positive contours enclosing sufficiently
large portions of the real axes in the complex z and z’ planes, respectively
(hereafter, for the symbols > or <, the same symbols always have to be
taken together).

The resolvents R3(z) satisfy the integral equation

R2(z) = Ro2(2) — AR2(2)VIR3(2) (2.31)

with the unperturbed resolvents R,3(z) = (H,% — z)~1; its iterated solution
is

R3(2) = R3(2) i [— AV R (2.32)

Combining the above relations with (2.25), we obtain the perturbed
solution for the Fourier component,

— 2
e (@ pY T 1) = (2—'1-) f dzf dz’ e~ 1z=2n
14 r o
N N , & © 2 ;
G N-—-7.
XZOQr sijz:mZN , Zo ZO({P+§k},P 5
s <J< p Kk’s m=0 n=
h T N-7r m
p— 5 K¢ PR AVR(2)]
! " ! ! A A5 ves.
A [=ARo(Z)V TRV P + 5K, V%

’ h AT 18] /N =58
{w = S} )i 239



354 Nobuhiko Mishima, Tomio Yamakoshi Petrosky, and Ryoji Suzuki

where {p + 3k} = {p; + ¥k,,..., p, + 4#k,} is used, and v, and v, are the
numbers of independent nonzero wave vectors in pyr and ps, respectively.
The summations on i, j,... are taken over particles appearing in the initial
Fourier componegnt with nonzero wave vectors, except for particles appearing
in the final component with nonzero wave vectors [see, for example, (2.35)].
In obtaining (2.33), we have used the syminetric property of the potential,
SV = V&, . Further, we have assumed, for the moment, that all inter-
mediate states are summed independent of the other state and we have dis-
regarded the special role of the diagonal transition, which is defined as a
transition between states having the same momentum. Indeed, for such a
case, we can see that each intermediate state gives the same contribution to
the perturbation series irrespective of whether the state is symmetrized or not,
and all quantum statistical effects may be crowded into the initial Fourier
component as in (2.33). This neglect, of course, cannot be admitted in
treating a large quantum system, and therefore we must recover our formalism
later. However, in order to make our theory clear, here and in the next
section we proceed by disregarding this effect, and we devote our attention
only to the evolution part of (2.33). The details of how the quantum statistical
effect is included in our theory are given in Section 4.

Let us introduce a diagram technique to analyze the behavior of this
evolution part. In our diagram the tetradic element of an ordered s.operator

®"; P4 A B)lq"; q') = <p"|4|q">q"|Blp™> (234
is represented by

<p~14|q"> K| Blp'Y>

where a vertical line between the matrix elements represents the symbol A at
the corresponding location in the tetradic element and is called the A line.
In the matrix elements, a momentum state for each particle is represented by
a horizontal line to each side of the A line (see Fig. 1). On each line, the
momentum and/or the name of the particle are put, if necessary. A potential
is represented by a wavy vertical line and we put the momentum transfer on
this line. In our diagram, a s.state is represented by a pair of states at either
side of the A line, and a pair further from the A line corresponds to a s.-state
further to the left in the term. To distinguish the vacuum part in the final
s.state from its correlation part in which the particles have nonzero wave
vectors, we draw nothing for particles having no wave vectors in the final
s.state, and also for particles that appear in the intermediate or the initial
s.state having the same momentum as the final ones (see Figs. 1 and 2a).
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But, if necessary, we draw dotted horizontal lines for them, and call them
vacuum lines. For instance, the contribution

Pkl(Plll)N"l 3 0)

= (%)ZL dzfr,dz'e‘i(z”z')“"(—)\)zﬁ‘li NZ Z

i p'¥N-2 q

fi /
< (B4 3R ps = S P RAVRA) A R VRAZ)]

# oy #i -
X |ps +§k1+ﬁq,Pi,PN %Py —-2-k1,pi+ﬁq,pN 2)
fi fi N-3
X pr+a,-a|P1 + 58 P + 5 4lp; — g, p77°; 0

- (;1) f de dz' e—¥z- z)tlﬂ( )\)ZQ 129—2

i<j

XEE - v(9) & ! —

p1 +(1/2)ik1, P, 05 Py +(1/2Yk; ~ #id,p;, 05 — fig

1 1
x 704 5 ;

Em —(1/2)1Ky, Dy + e, D —-7a — DP1 — (/2K 00P5 4

A i
X puyra-a(Bs + 300+ alp, — A p70) 235)

is represented by the diagram shown in Fig. 1, and here we use an abbreviated
notation for energies in which irrelevant arguments p¥~2 are omitted for
simplicity. In the diagram the symbol || on the initial particle line indicates
that it is not diagonal at the time # = 0 and has nonzero wave vector corre-

P+ Lk, B+ik+1 ) B-3k
Hi
5 ; LA S
31
i e b

Fig. 1. Diagram corresponding to (2.35). We use units with # = 1 in the diagram.
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sponding to the initial correlation. These lines are called initially “excited”
lines.

3. TIME EVOLUTION AND ORDERED
PRODUCT REPRESENTATION

3.1. Time Dependence

We now develop our diagrammatic technique in order to discuss the
time dependence of the perturbation series for a homogeneous system based
on a classification of characteristic times, the relaxation time ¢, and the
collision time #,, under the condition ¢, > t.. Our development is achieved in
two steps: the first is the * product representation” (p.representation) and the
second is the “ordered product representation” (o.p.representation).

To explain the p. representation, we first reformulate the perturbation
series into four fundamental components: a destruction part, a diagonal part,
a creation part, and a propagation-of-correlations part. This reformulation
was done in Ref. 13 and the resultant expressions are

(o3 BIRZ(@)R™()y; 3) = (o3 BI{[Z + 2%(z, 2)ZIR*(2)R*(2)
X [P + PD(z,2)2) + 25z, 2)2}|y; &)  (3.1)
with the diagonal part
(o; o ZR>(2)R=(2)Z|B; B)

- ( ’ bis) 62

Here, Greek letters are used to express the eigenstates of the unperturbed
Hamiltonian H, in $ for simplicity and the projection s.operators & and 2
defined by

S D@D ¢, #)D" D@

P =7 | a)esel, 2=1-2 (3.3)

are used. They satisfy the relations
PP=P PL=9P =0, I2=2 (3.4)

>

The irreducible s.operators are introduced as follows; the diagonal fragment
is defined by

W(z,2) = PN (N <(2Vhu? (3.5
the creation part by
2%(z, 22 = 2[D>(z2)N>(z) + D=<(2")N<(z")
+ D> (@)D= )N (@N “(2)}eul? (3.6)
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the destruction part by
PY(z,2)2 = P[N>(2)D>(z) + N>(z")\D~>(z)
+ {N>@N=“(@)}uD”(2)D=(z)]2 (3.7
and the propagation-of-correlations part by
252,22 = 2D>(2)D(2)[1 + N> (z)D7(2) + N=(z2)D=(2")
+ {N>(@N=(@)}huD> (2)D=(2)]2 (3.3

In these definitions
oc> 8%, (3.9)

(e| D(2)|B) = Dy(z) 85 = <
{i - '\V[—)\Ro(Z)V]’} _ oa> 5%, (3.10)

z R(DIGERAD]

(e G()|B) = Gulz) 55, = <

{a|N(2)|B> = Nu(2)(1 — 85.5)
= <(x {i - )\V[—)\RO(Z)V]i} .
and

(o; BN (DN =(2Ne.uly; )

_ <a {i - AV[—ARo(z)V]"Iy>

(s : UEE ACEL PRRCRE

Here, the subscript o.ti stands for “one-sided topologically irreducible,”
which implies that the intermediate states should never be identical to the
initial and final states |«) and |B), while t.ti stands for “two-sided topo-
logically irreducible,” which implies that the intermediate states on opposite
sides of the operator |y»{8| should never be identical to each other or to
[, [8, |7, and |8.¢

The p. representation is devised so as to represent directly the above
classification by diagrams. This representation is defined such that a product
of diagrams is expressed in accordance with the product of the s.operators
(2.13) as

/3><1 _sE) @adD

S - /\V[—)\Ro(z)V]"} |

j=0

AC|DB = A|B+ C|D (3.13)
Namely, when we decompose a diagram into the product, we put the inner-
most fragment of the original diagram onto the rightmost side. Further, we
require that each fragment in this product is represented by the same rule as
3 We note that in Ref. 13 the s.operators GZ(z), N2(z), and {N > (2)N <(z")}.r: were defined

through the diagonal s.operator DZ(z) instead of R,Z(z). This is why we use the
concept of “topologically irreducible” rather than “irreducible” in this paper.
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j it
2 t
. . . - ¥
Fig. 3. Diagram representing the propaga- ol g X § €
tion-of-correlations.

for the original diagram ; that is, we draw nothing for particles having no wave
vectors in the final s.state of these fragments, and so on. An example is shown
in Fig. 2, where the reducible diagram (a) is decomposed into the diagram
(b). Under such a decomposition the fragments G(z) and #7(z, z') in the
diagonal part can be separately represented in a simple form. We call the
fragments G and #” the “one-sided diagonal fragment” (o.s. diagonal frag-
ment) and the “two-sided diagonal fragment” (t.s. diagonal fragment),
respectively. We further use the terminology “diagonal s.state” or ““vacuum
s.state” in order to indicate the s.state having the same momentum states on
opposite sides of the A line, such as |«; ). For the propagation-of-correla-
tions part we do not need to decompose into a product form. An example of
this part is shown in Fig. 3.

As aresult of this p. representation, the reconstructed perturbation series
(3.1) can be represented in a visualizable form, and the diagonal part, which
gives the main contribution in the asymptotic situation ¢ > ¢, is detached
from the other parts.

Let us now illustrate with the simple example of the diagonal part in
Fig. 4 that this main contribution is given through the poleat!/ = z — 2z’ = 0.
The corresponding expression for ¢ > 0 is

. — 1 N —{ltih 1 (2) 1
polles; D)|ae = (%) f_w dEJ; dle mG“I(E + 1)

! 1 @D(r _ 1
“E,~E—1lE,, —E+3 G2UE — 1D
___._1___ (2) 1 —_—1_* .
x E,. —E+ 3l G2(E — %) ey polle; 0)  (3.14)

where «; = o = «, and GP(2) = A2{a[{VRy(2)V}o.u|) is the lowest order
term of A in G,(z) in (3.10), and we have changed the integration variables z

{633 23
oy o, o di o)

Fig. 4. Diagram corresponding to (3.14).
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and z’' to E and /. The path of the y is parallel to the real axis on the upper
half-plane of the complex / plane and goes to —co from +o0. The integrand
in (3.14) has poles at / = 0 which come from the product of the propagators
corresponding to the diagonal s.state, (E, — E — L)% E, — E + 1))~5.
These poles can be systematically exposed by the following procedure: We
first decompose the factors on both sides of (3.14), (E,, — E — 4/)7* and
(B — E + 3I)7%, into partial fractions. Then, we have the reduction
formula

1 G®@ 1 1 G, 1
E,—-E E—-31*% E, — ——%IE,, —E+4"E, —E+ 3}
1
(2)

x e E,. — E+ 1l

l (@) 1 (2) 1 1

=7 0w [ao—-E 1lG"’1Ea1—E HE, —E+13

X G(2) 1 + = ( G(2) 1 1

@ Fpy — E+ 11 E,, —E—-34E, —E+ 1}l

1 1
(2) (2)
Gaz Eozl E + 1lGo:1 an . E + 11] (315)

In the brackets in (3.15), we again decompose the factors on both sides into
partial fractions. Continuing this procedure, we find the reduction of (3.14)
as

+ o
polle; £)[ae = (5177—1)2f dEf dl e—ttin

ol 1 1
(2) (2) (2) (2) (2) (2)
{[( G GHIGRT + 7GR 1 (~GD) 1627
+ 1 G2, L G(z) ( G® hn__t + [](_1)*__1.__
1O TR T NE —E— 3 E, - E+ 1l
+ G(2) (2) 1 G(2 1
G2 E,—E-HUSE,—E—3
11
(2) (2) (2) (2)
+[ “11+1G“11(G l]( 1)
1 G, 1 1 (2) _
oy i ey TR | AR ] =D
1 (2) 1 (2) ! .
“EEr NN E, —E+ %% B, —Er a0

(3.16)
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The integrands in (3.16) have analytical continuations in the lower half-plane
in / and the poles at / = 0 are sufficiently isolated for the case of short-range
interactions. Thus, it is enough to consider the contributions of the poles at
! = 0for t » 1., and we get, for example, for the first term in (3.16),

pol|a; £)|ase.s.

1ot & 1 (=it
I CD R e o e

x [~ GP(E + )GP(E — 1DGA(E — 31) + -]

1
“En—E—1 Il=+io”°(l°"o) (3.17)

As shown by this example, the diagonal part gives the contribution that
grows with time. Therefore, our separation of the diagram with the aid of the
p. representation is useful for treating the asymptotic time behavior of the
system. However, in this representation there is no unique correspondence
between the number diagonal fragments and the orders of the poles at / = 0.
So, in order to derive the generalized master equation through our diagram-
matic method, some improvements are needed in the p. representation. We
note that this disaccord is caused by the existence of an ambiguity in the order
with regard to time between an o.s. diagonal fragment on the left-hand side
and one on the right-hand side of the A line. Therefore, if these fragments are
further rearranged in the p. representation by imposing an order between
them, the disaccord can be resolved. This is the second step of our develop-
ment and is achieved in the following subsection by introducing the ordered
product representation.

3.2. Ordered Product Representation

We now explain the o.p. representation by using the same example. For
this purpose, let us first note the order of the diagonal fragments in the
reduction in (3.16). There, the arrangement of these fragments has been
achieved in a regular form: In the first two brackets in (3.16), there appear all
terms corresponding to the permutations between the fragments — G2 and
G, which are on opposite sides of the A line (no permutations among the
fragments on the same side of the A line appear, since there is already a
definite order among them in the original diagram). There are other terms in
(3.16) where some of the innermost fragments are incorporated into the
propagators, such as (E, — E — 3)7'G® (E, — E— %)™, or
~(Eoy — E + ) 1GOUE,, — E + %I)~*, rather than being arranged in an
order similar to the above one, and they no longer play the role of a diagonal
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fragment contributing to the asymptotic time evolution, since they do not
have the factor /1. These “inactivated” diagonal fragments yield part of the
renormalized propagator in the perturbation theory.

In the more general situation, the rule with regard to this reduction also
holds for an arbitrary number of o.s. diagonal fragments in a diagonal s.state.
The details of the reduction are given in Appendix A.

The rule for the o.p. representation is as follows: The one-sided diagonal
fragments in the same diagonal s.state are arranged in accordance with the
order in (3.16) or (A2) as shown in Fig. 5. The symbol > (<) on a fragment
indicates that this fragment is located at the left- (right-) hand side of the A
line in the original diagram. The dotted fragments are renormalized into the
propagator and are inactivated in the time evolution. The symbols 1> and i <
represent the propagators (F, — E — 1)t and —(E, — E + %)™, respec-
tively. Then, by using the o.p. representation, we can further decompose the
diagram in Fig. 2b as shown in Fig. 6.

We remark here that if the reduction formula (A3) is used instead of
(A2) for the decomposition of the original term, another o.p. representation
is possible. In this case, however, the dotted fragment or i is located on the
left-hand side in each diagonal s.state, in contrast with the above-mentioned
0.p. representation. An example is shown in Fig. 7.

As a consequence of our diagrammatic method, we can state a very simple
theorem concerning to the relationship between the number of diagonal
fragments and the order of a pole at / = 0 in the o.p. representation:

Theorem. Any diagram consisting of m diagonal fragments except for
the dotted fragments has a pole of (m + 1)th order at / = 0.

A simple application of this theorem is shown in Fig. 8, where all
diagonal parts having simple poles at / = 0 are summed. The terms for these
diagrams are expressed with the renormalized propagators D(E + %/) as

oz 1) - o~ L)
-HaE=ralole3) e=r=al

_i__L___ G Eﬁll N S
SE-E+u|\" T 2)ECE¥TH

1 1 1
=7{_E¢—E—%l——Ga(E+%l)_Eo,—E+%l—— G,,,(E—-%l)}
(3.18)

In a similar way, we can obtain simple expressions for the summation
of all diagonal parts as shown in Fig. 9, where Fig. 9a is obtained from the
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reduction formula (A2) and Fig. 9b is from (A3). The corresponding terms
are expressed by the s.operators as

(o; | PR (E + $D)R(E — 3)2B; B)

= > @i 0| 10 (3.19)
= 1. 1=
- 3 @eln 1 [z 71 ) (3.19b)
where
Ag(l) = ZID>(E + ) — D<(E - 1D}&# (3.20)
G() = ZIG7(E+ $]) — G(E — 1D]Z (3.21)
xell) = AW (E + . E = 1) = () 6.2
%) = WE + 4, E ~ 1A - 94l (.29

The generalized master equation can be easily obtained by using the
expressions in {3.19). For this purpose we first introduce a partial distribution
function of momenta defined by

1 2 © 1\m+1
N. — — —1ilt/n —
pos([D"; 1) = (27”.) fydle 33 (,)
x (" P lxe"(DAD|p™; P ™)po(|p"; 0)

y N
¥ szl Qe > > > @VPVAE + 3, E - 3)

t<j< <8 poN g7s

" f o ° S. # ” 2N ~§ US| "N —5
o+ jref e (o - e 9o 0)
(3.24)
For ¢ > 0, the relation
+ @
pollp"; 1) = f dE po.s(|p"; 1) (325

holds. By differentiating (3.24) with respect to ¢ and by using the convolution

theorem for the Laplace transform, we obtain the generalized master equation
as

ih Opo,&(|PV; t) = hp(P™; 1)

2 ’ 7 !’
+5 drz(p PV Ixe' (D5 P po.s(lpYs t — 7)

(3.26)
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where

1\2 .
@50 = (55)° [ dre @ plasn’: 0
v

1

<[polps0 4 307 S S SIGE + U E - 1)

i<j< <8 p'N g’'s

’ fi S8 s , h AL e N8
% {p +§k}’l’N ;{P”—ik},p” )ow(p”lp ;0)]
(3.27)
and
®"; p¥xz'(OPY; p'Y)
1\2 _ ,
= (ZZ) f dle=""(p"; p"|xz(DIp™; p™) (3.28)
Y

The s.operators x and ¥ are called “collision s.operators” of the generalized
master equation and are identical to (3.40) and (3.41) of Ref. 13. The
s.operators A% and #’A are the ““ gain parts” of the collision s.operators and
% is the “loss part.” We further note that if only the poles at / = 0 are
evaluated in (3.24), the asymptotic generalized master equation is obtained as

it atPO,E(]pN; t)

2 B ’ ’ ’ '
= %f dr > @ pxe DY p Mo (Pt — 1) (3.29)
0 p'®

This equation is consistent with the equation for the asymptotic evolution
s.operator Z$(¢) in (4.22) of Ref. 13. Equation (3.29) is derived in Appen-
dix B.

3.3. Construction of the Collision S.operator and the
Compensative Relation

We now refer to a useful relationship among diagrams which plays an
essential role throughout our work on quantum statistical systems. In our
diagrammatic method it seems that the t.s. fragment has a complicated
structure as compared with the o.s. fragment. However, if we take note of a
compensative relation between these fragments which ensures that the
conservation law of the probability holds, i.e.,

1= qu;p’vlpm» = ZN(pN; PY|%(2)| p(0)) (3.30)

then we can unravel the complicated structure of the t.s. fragment through
the study of the simple o.s. fragment.
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To illustrate this, let us consider how the conservation law can hold in
our perturbation theory. From (3.30) we see that in order to ensure that this
law holds, there must be a cancellation among diagrams having the same
initial and the same intermediate states with the same order of A. These
cancelating diagrams are called ““compensative diagrams” and can be found
by the following systematic rule: We first draw any o.s. diagram, such as the
example in Fig. 10a. Next, the leftmost potential, together with the states
on either side of it, is transferred to the furthermost opposite side, as in the
diagram of Fig. 10b. The third diagram, Fig. 10c, is similarly obtained from
the second by transferring the leftmost potential, and the successive transfers
are continued until we obtain the diagram of Fig. 10f, in which all potentials
are on the right-hand side of the A line. Then, we get all compensative dia-
grams from the original one. The cancellation of these diagrams can be seen
in the following manner: In each term, decomposing only the outermost
product of the propagator, such as (E, — E — 3)"Y(E, — E + 1/)~'in Fig.
10a, into partial fractions, then we find that all terms cancel except for some
parts of the partial fractions in Figs. 10a and 10f. Further, the uncanceled
parts vanish themselves by the integration over E, since all their poles for E
are located on the same side of the real axis.* Hence, we can confirm that due
to the compensative relation, all terms except for the zeroth-order term in A
cancel under summations of all momenta and (3.30) holds.

Let us see the utility of the compensative relation in the construction of
the collision s.operator. Since the compensative relation holds irrespective of
[, the terms having the same order of /=! in the compensative diagrams must
cancel each other. Thus, in the o.p. representation, the diagrams in a collision
s.operator must cancel. For example, the diagrams in Fig. 11, which are
obtained from Fig. 10 as those proportional to /=2, cancel each other.

On the other hand, if a reduced function is of interest, and, for example,
if the momentum of the particle 1 in Fig. 11 is not summed as a fixed particle
appearing in the reduced function, the compensative diagrams in the first
and second brackets can survive into the gain and loss parts of the collision
s.operator, respectively. Thus, our formalism leads to the ordinary type of
collision kernel in the asymptotic equation, in which the gain and the loss
parts are separately represented in a compensative form. This result is in
contrast with the one obtained from the one-resolvent method,™® where these
parts are merged into a single collision kernel.

In applying this rule to constructing the collision s.operator, it is worth-
while noting that if we start with the o.s. diagonal fragment having an inter-
mediate diagonal transition (this type of transition is called a “bubble” or

% We remark that if the integration over E is not performed, these parts contribute to the
inhomogeneous term %z(z) of the generalized master equation (3.26).
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“self-energy ™), then in the t.s. diagram there appears an additional diagonal
fragment corresponding to this bubble (see Fig. 10). Therefore, when we
gather the compensative diagrams having the same order of /=* in the o.p.
representation, the original o.s. fragment having the bubble must be always
paired with the t.s. fragment having the inactivated diagonal fragment
corresponding to the bubble as shown in Fig. 11. On the other hand, the o.s.
diagonal fragment having no bubble never yields any additional one in the
t.s. diagram, and moreover, these o.s. and t.s. fragments have the form of
the same topological type of diagram irrespective of the location of their A
line. These types of fragments (“skeleton fragments’) constitute the basic
elements in our diagrammatic method, because any diagram can be built up
merely by putting the bubbles on the propagators in these skeleton fragments.
Moreover, this procedure is expressed by replacing the free propagators with
the renormalized propagators D, of (3.9).

The peculiar structure of a diagram having a bubble or inactivated
diagonal fragment as compared with the skeleton fragment is that the former
always has a singularity of higher order than the free propagator. This
implies that this fragment may contribute to the time evolution only in such a
situation that the collision time z, cannot be neglected as compared with the
relaxation time. Therefore, when we treat a system in which ¢, may be con-
sidered as being instantaneous, it is enough to concern ourselves only with
the skeleton fragments. This fact also supports the notion that the skeleton
fragments form the basic frames of the two-resolvent method.

As a consequence of the above discussion, we can summarize our
procedure for building up the collision s.operator as follows:

1. Draw an o.s. diagonal skeleton fragment.

2. Transfer successively the outermost potential originally on one side
of the A line to the opposite outermost side until the opposite o.s.
fragment is obtained.

3. Put the bubbles and/or the inactivated diagonal fragments onto each
propagator in the skeleton fragments obtained in steps 1 and 2.

Then, we can obtain the diagrams for which we are looking.

We mention another use of the compensative relation; it concerns the
concept of the connectedness in the diagram and leads to the restriction of
the number of diagrams which we must treat. That is, if we are interested in
the reduced properties of the system, it is enough to treat only the * connected
diagram™ containing the fixed particle, where by connected diagram we
mean that the diagram consists of subgroups having a particle in common
(see Fig. 12). This theorem can be proved by the aid of the convolution
technique introduced by Hugenholtz.*® To avoid digressing from our subject,
we give the details in Appendix C.
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Fig. 12. Examples of ““ disconnected ” diagrams consisting of two “ connected ” subgroups.

4. QUANTUM STATISTICAL EFFECT AND CONTRACTION

4.1. Contraction

We now show how the quantum statistical effect is treated in our
formalism. We consider a simple example of a correlation component
P (Pi> Ps[PY 7 %) with k; + k; # 0. From (2.25) the relation

P, i, (Pi> Ps[PY )
QV+2s f fi i # _
= 73 1 pi+_kiapj+_kj,pN_2;pi_—ki:pj__kjrpN 2{/9
#i’N! 2 2 2 2
@.1

holds and it seems that this is an off-diagonal Fourier component having two
nonzero wave vectors k; and k;. However, due to the symmetric (or anti-
symmetric) property of the momentum state, if p; + (#k,/2) = p, — (fik,/2),
then (4.1) reduces to a lower component having a single wave vector k; + k;
as

# # - # fi _
<2 SK(Pz + Eki - p; + iki)Pk¢+kj(pi + zkjl]’j - Ekja pY 2) 4.2

where the statistical factor # comes from the interchange of the roles of the
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particles 7 and j on the left-hand state in (4.1), and (2.25) is again used. Since
the factor Q8% in (4.2) exactly coincides with the 3-function in the T-limit,
this 8-singular term cannot be neglected as compared with the nonsingular
term in (4.1) for large quantum systems. This reduction is just the quantum
statistical effect that originates from the symmetric property of the particles
and is called a ““contraction.” 419

Except for the components po(|p¥) and py (p;[p” 1), contractions occur
in any Fourier components and these contractions are performed as follows:
First, the contraction between any two particles having nonzero wave vectors
in py is performed by the following contraction formulas:

(i) Fork, + k; # 0

Pk,,k,-,kf‘z(Pia PP P
= pllq,k,-,kr_z(pia Pi: pr—2le—-r)

+ 6Q 8K<Pi + gki - P+ gk]‘)

# fi
X pki+li1,kr"2(pi + ikj’PT_z P, — _Z_kjy PN_T)

+ 6Q SK(pi — %ki - p;, + gk]-)

A #
X Pki+k,-,k"2(Pj + iki’ pip — jki, PN—T) (4.3a)
(ii) Fork; + k; =0
P, —ki,kr_z(pia pja Pr—zlPN_T)

= Py, -1~ 2(Pi> P71, PP

f
+ 6Q 8%(p, — Pj)Pk’"z(Pr_z

h N-—-71
b - Jp, + Flp ) @

Here, the primes on the p,r indicate that their singular parts at p; + (fk,/2) =
p; F (#k,/2) are removed. We apply these formulas successively to the
remaining particles having nonzero wave vectors until all contractible parts
are separated. Then, we can find the component p,r expressed in terms of
nonsingular components gys (s < r), which are defined as components no
longer having a contractible part in pys.

In order to perform this contracting procedure systematically, we develop

our diagrammatic method as follows: We draw the contracted part of the
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second term in (4.3a) as shown in Fig. 13a, where particle lines other than ¢
and j are not drawn. The arrow indicates the contraction between i and j,
and is called the “contracting arrow.” The particle lines outside the contract-
ing arrow represent the state of the original component (4.1). The particle
lines inside the arrow represent the state obtained by interchanging the roles
of the particles. The orientation of the arrow is away from the particle that is
diagonalized by the contraction in the density s.state. The arguments on the
particle lines are put in as the total momentum is conserved. The argument
in the Kronecker symbol is given by the difference between the momenta on
the two particle lines on either side of the contracting arrow. In a similar
way, the third term in (4.3a) is represented by Fig. 13b, and the second term
in (4.3b) by Fig. 13c or 13d.

Here, we note that the contracting arrow is regarded as a kind of inter-
change operator Q;, which interchanges the roles of the particles 7 and j and
has an orientation toward i from j, where j is the particle diagonalized by the
contraction. For the case including more than two particles, their contraction
is performed by iterative application of (4.3), which is represented by a set of
contracting arrows arranged in accordance with the order of the successive
contractions. However, in the representation of the contraction, there exists
an ambiguity in the order of the successive contracting arrows. This originates
from the fact that, in order to symmetrize a state, there is an ambiguity in
expressing a permutation by the combination of interchange operators. We
show this by the example in Fig. 14, where the diagrams correspond to the
following combinations of interchange operators: Q1,013014 = Q1205.0Q%3
= = 05.05301:. These represent the same permutation, replacing the order
(P15 P2, Ps, Ps) bY (P2, Ps, Pa, P1). In order to avoid double counting of the
contraction, we must take account of only one of these.

We further remark that, for the contracted part corresponding to (4.2),
another diagrammatic representation is possible, as shown in Fig. 15. Here
the role of the particles is interchanged on the right side of the A line. For the
moment, however, our attention is devoted only to the contraction performed
on the left side of the A line, since after it is investigated, the properties of the
right side can be easily obtained through the compensative relation. This type

L
Fig. 15. Another expression for the contraction in Fig. Peik. 'g-Lh.- k
13a. v 2y g3y
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of contraction will be used when necessary, and the details of how to take it
will be given in Section 5.

4.2. Movement of a Contraction

We now discuss the role of the contraction in the perturbation series
(2.33). In (2.33) it seems that all quantum statistical effects have been crowded
into the initial Fourier component py.s(p'¥|p’¥ ~%; 0). However, as was men-
tioned in Section 2, if an intermediate state is fixed under the condition of a
diagonal transition, the quantum statistical effect must appear through this
intermediate state. Therefore, in the treatment of the asymptotic time
evolution of this system, a method has to be devised for taking account of
this effect in our perturbation formalism.

For this purpose, we first note that some of the contractions performed
at the initial component also can be regarded as being performed at a time
other than ¢ = 0. To illustrate this, let us consider the example in Fig. 16,
where the contraction is performed in the initial component, py,_qx,+q
(p. + 3%q, p2 + LAq|ps — %q, p¥~2; 0). The corresponding contribution is

Pkl,kg(pl > lel’s: pY 8 t)l;\z

T
27i) Jn -

S ! —0(q)

a ED1 +(1/DhKy,pa + (1/2)7Ka,Dg —

1

Enl +A(1/2)K1 + kg + o], Do — (1/2)ka, D3 ~ha — £

X

1
X z U(q)

ED1 ~#l(1/2)k1 —ql,p2 — (1/20Ka,p3 ~fig ~

1

X !
Ey, —czmiy,pp - i2imka,ps — 2

x 98K(P1 + g‘kl — P2+ gkz)

1 %
pkl+k2(pl + h(q + ikz) Pz — 5Kz, Pa ~ hq;O) “4)

In this example, the contraction is performed in the initial component by



Theory of Irreversible Processes in Nonequilibrium Quantum Systems.! 375

2+ 3k, Reb it ! -1k,
Pethy Brthyet | Poothy | 1 P-Le,
%
« &4 9o e ¢ &9
7 fi-t B-1 B

Fig. 16. Diagram corresponding to (4.4).

setting the momenta p, + (fik,/2) = p, — (#k,/2) irrespective of the potential
v(q). Then, if (4.4) is rewritten in the form

Pis k(P15 P2s|P3s PV 725 1)) a2

sl ) 2

1

a Ep1 +RI(L/2)k + Kol o — (L2)ko,p3 ~ £

X e~ i(z— 2’)t/h/\2Q -2

v(q)

1

x
B+ #0112k + K + al, pa - (L/2)Kg.0s - g — Z

1
X 7 v(q)

ED1 —Al(1/2)k1 ~ ql,p2 — (1/2)AK2,D3 ~ g

1

Ep - iomkpa- izmsg,ps — Z

X

’

#i 1 #
X pk1+k2(P1 + 3 (q + i‘kz) P2 — ikz’ ps — #g; 0) (4.5)
this term can be represented as the diagram in Fig. 17. This shows that the
right-hand side of (4.5) is identified with the contracted part 6Q §%(p, +
3Ak; — Py + 3Ko)pi, s k(D1 + 3iko|pe — 37Ky, Py, PV 35 ¢) Of the left-hand

Redk Felbtky Beliwes | Podert B3
N ]
3

5 I T

Fig. 17. Diagram corresponding to (4.5). Completely movable contraction.
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side of (4.6) at time #, and then the contraction can be regarded as having been
moved over the potentials. In this movement the role of the particles is inter-
changed in sliding the contracting arrow from inside to outside the potential,
since the contacting arrow plays the role of an interchange operator.

For the examples shown in Fig. 18, the contractions are performed in
the destruction part in (1a) and in the propagation-of-correlations part in (2a).
In (1a), since the momenta p; + #q, + #q, and p, relating to the contraction
are irrespective of the potential v(g;), we can rewrite the expression for (1a)
in a similar way to (4.5) and get the expression represented by the diagram in
(I1b). Then, through this contraction, we find that the destruction part in (1a)
reduces to two parts, a diagonal fragment and a destruction part. In a similar
way, we can also rewrite the diagram (2a) to (2b). However, this con-
traction cannot be regarded as being performed in the final component
Piyis(P1> PalP2, PY 735 1), because this component has no contractible part
between the momenta p; + (#k,/2) and p,. In this case, the propagation-of-
correlations part in (2a) does not reduce to any other type of fragment through
the contraction.

As shown in these examples, we can classify the movement of a contrac-
tion into the following three types: (1) a “completely movable contraction,”
which is defined as one that can be regarded as being performed in the final
component after the complete movement over all potentials, such as in Fig.
17; (2) a “movable contraction,” which is defined as one that yields a diagonal
s.state through the reduction of the fragment into several types of fragments,
such as in Fig. 18(1); and (3) a “slideable contraction,”” which is defined as
one through which the fragment does not reduce to any type of fragment,
such as in Fig. 18(2). As will be discussed in the next section, this contraction
can move freely over the potential within a fragment. The location of the
slideable contraction will be determined so as to be convenient for our
applications.

Finally, we refer to the role of the contraction in the asymptotic time
dependence of the perturbation series (2.33). For instance, diagram (la) in
Fig. 18 seems to be constructed only from the destruction part, and it has no
asymptotic contribution growing with time. However, as is shown in Fig.
18(1b), the reduction yields a diagonal fragment proportional to ¢, Due to
such implicit diagonal transitions due to the quantum statistical effect, the
estimation of the time dependence of the perturbation series (2.33) is much
more complicated compared with that for the system of distinguishable
particles. This complexity, however, can be removed if we reconstruct the
perturbation solution (2.33) for p,r into one for the nonsingular Fourier
component gy, since from the definition of g,r all reducible parts are removed
from it by the contraction. We will discuss such a solution for 5, in the
following section.
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5. SOLUTION FOR gs(t) AND ITS APPLICATIONS

5.1. Solution for p,s(¢)

We give a systematic method for reconstructing the solution for ()
from the perturbation series (2.33).

This reconstruction can be achieved by the use of our diagrammatic
method as follows: First, we perform the contractions at the initial Fourier
component in the perturbation series (2.33), and let all movable and com-
pletely movable contractions move over the potentials as far to the outside
as possible. By comparing this result with the terms on the left-hand side of
(2.33) in which the contractions are performed at time ¢, we find a set of
solutions for pr(¢) in which all diagonal fragments are explicitly separated.

We notice that in these solutions all slideable contractions can be moved
freely within each fragment, since they give no reduction of the fragments
and thus they merely play the role of interchanging operators. It is con-
venient to classify these slideable contractions into two groups: “external
degenerating contractions” (called external contractions), which connect with
the completely vacuum line, such as in Fig. 18(2b); and “internal degenerating
contractions” (called internal contractions), which never connect with the
completely vacuum line wherever the arrow is located within the fragment,
such as in Fig. 19.

An external contraction indicates a degenerating effect between a particle
in the collision and a particle in the background of this collision, which
behaves as the Fermi sea of the Pauli exclusion principle for fermion case.
This contraction can be easily included in our diagrams by merely putting
arrows on the unsymmetrized diagram given in the previous section.

An internal contraction indicates a degenerating effect between the
particles in a collision, such as an exchange collision. This contraction can be
further classified into two groups, a contraction for a bubble and a contraction
for a skeleton. The former is defined as one that is associated with a bubble,
such as in Fig. 19, and the latter as one that never yields a bubble by its
movement within the fragment.

With the aid of these classifications and of the compensative relation, we
can build up the quantum statistical collision s.operator on the same basis

! /

2t % R
-~ sL 3

Fig. 19. Example of an internal contraction.
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as in the unsymmetrized case, i.e., using the skeleton fragment, the bubble,
and the inactivated diagonal fragment. For example, starting with diagram
(a) in Fig. 20, we can obtain all compensative diagrams in Fig. 20 by the rule
of compensation. To get diagram (e) from (d) we use the fact that the
diagrams in Fig. 21 give the same contribution. Furthermore, the diagrams
in Fig. 20 can be decomposed into the o.p. representation. For example, the
diagrams proportional to /2 are shown in Fig. 22, where we have slid the
contractions for a bubble and for a skeleton to the outside on the right
diagonal fragment so as to get the same topological structure as the left
diagonal fragment.

5.2. Extension for a Linearized Hydrodynamic System

We now extend our formalism to an inhomogeneous system in which the
characteristic lengths of the system satisfy the inequalities

L,>L.>» a, L, >» Ag .1

where L, is the hydrodynamic length, L, is the mean free path, a is the
molecular length, and Ag is the de Broglie wavelength. We further restrict
the system so that the deviation of the local density from the average density
¢ is very small [see (5.7)]. This assumption implies that it is sufficient for us to
make a theory linear in this deviation.

For such a linearized hydrodynamic system, we need to extend the con-
cept of the vacuum component, such that it consists of the Fourier component
px(p|PY¥ 1) having a single nonzero wave vector. This new vacuum state is
indicated by a single excited line in our diagrammatic method, where all the
previous concepts of creation part, diagonal fragment, destruction part, and
so on remain, changing only the meaning of the vacuum component. Some
typical diagonal fragments for this system are shown in Fig. 23.

5.3. Derivation of the Asymptotic Kinetic Equation
Following our diagrammatic method, we consider two simple examples.

Homogeneous system: Let us first derive the kinetic equation for the
single-particle momentum distribution function in a weakly coupled system
in the limit

A—0, t —> 00, A%t = const. (5.2)

For this case, the o.s. diagonal skeleton fragment is given as shown in Fig.
23, and thus the summation of all possible diagrams contributing to the
N-particle momentum distribution function ¢5(p”, £) = po(|p"; ) = o(|P¥; )
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is given in the o.p. representation shown in Fig. 24. The corresponding
expression for the diagram in Fig. 24 is

N Ly ('™ e 1 @ L
400 = (5) [ an[ aren S a0 [#.0]]

N
X I__[ $1(Px, 0) (5.3)
k=0
where
N
a) = 1070 5 5 [o60) + 00(|5 =% + o) [ oA ram-sa2a0)

{[ é 5%(p; — D) ][1 + 6321 % (p; — ps)]
x exp[fiq(9/op; — o/op;)]
- [1 + 02 8%(p; + Aiq — pr)] [1 + 02 8(p; — fig — ps)}}
(5.4)

! L (5.5)

A s() = En —E—3 Ex— E+ 1l

and the displacement operator exp(hq &/6p) F(p) = F(p + #q) is used. Then,
evaluating the contribution around the poles / = 0 in (5.3), integrating over
the momenta except for p, of the fixed particle, and taking the time derivative,
we get the well-known equation for the limit (5.2) as

dubr(pr, 1) = @;l‘ff dpgf dq U(‘])[U(Q) + 9”( % - % + q))]

x 2 S(Epl +nq t Epy-na — Ep; — Epz)

x {$1(pr + fiq, 1)1 (P2 — 7ig, D1 + Ohcdy(py, 1)]

x [1 + 8h3cd,(ps, 1)]

— ¢1(Py1, Dba(P, DL + Oh°ci(py + fig, 1)]

x [1 + 6hced;(ps — Fiq, )]} (5.6)

Linearized hydrodynamic system: As a second example, we consider a
weakly coupled inhomogeneous system under the condition (5.2). Our interest
is now in the derivation of the linearized Boltzmann equation for the reduced
function p{(p;, #), which is the Fourier component of the deviation of the
local density from the average density ¢, i.e.,

PO 1) = gy | 4% [exp(—TRX)ILAGK:, av 1) = s O] (57)
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To derive this equation under the condition (5.1), we first notice that the
typical wave vector k (~1/L;) is much smaller than the momentum transfer
of the potential Aig (~#/a) and the momentum p (~#/Ay). For this system, the
diagonal fragments, which reduce to the diagrams in Fig. 24 by settingk = 0,
may give the main contribution to py(p;|p” ~!; #). Such diagonal fragments
can be obtained by replacing one of the vacuum lines in Fig. 24 by an excited
line. The results are shown in Fig. 25, where the left fragment and the t.s.
diagonal fragment are drawn. The corresponding expression for diagram (a)
in Fig. 25 is

= A —ilt/h 1
fe = (7;,) ., @] ae =g, L s i
X [ L _ 1 ]
Eo vt — E— 3 Ep cqomep-t — E+ 31
1 1
G 4 (1
e (Blm)kp: Ep, + jamo¥ -t — E — 3 wuke(l)
1 N-2
8 ;0 5.8
Ep +aimmep¥-t — E — %l}Pk(Pl‘p ) (5.3)

where

Fuall) = #2723 > ol0) L

Ey, + o+ nami~nap¥ -2 — E — 3

oSt

[1 + 0 ;: o%(p, — fq — ps)]

[v(q) + eu( 12 - % + Ly + q')] (5.9)

Under the assumptions of (5.1), we may approximate p; + (fk/2) ~ p; in
(5.8) and may expand [I — (fikp,/m)]~* as

1 fikp,
= Gjmkp, "JZI( p 1) (5.10)

Then, evaluating the contributions from the poles at / = 0 under the condition
(5.2), we get

- 1< k jmm=1/ )% ,
I, ~ —,2( Pl) ( d )[ G o, Ep(+i0)]

i=1

X

J
(~ ) @l 0) (5.11)
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Similar terms are obtained for the diagrams in Figs. 25b-25h and also for
the right diagonal fragments. Furthermore, diagrams consisting of more than
one diagonal fragment are evaluated in a similar way. Then we get the solution
for py(p:|[p”~1; #). Then integrating over the momenta except for p; of the
fixed particle and taking the time derivative, we obtain the linearized
Boltzmann equation for p{(p,, ¢):

.k
GpP@:) + i 2 p1(p,)

_ (2w);cA2 j dps f dq [u@ + ﬂv( oE ‘lm

% 27 8(Ep,sna + Epy-na — Ep, — Ep,)

x ({$1(p2 — AQ[1 + 67°chi(p)][L + Oh%cy(p,)]

= O0F3c[l + 6h%cdi(ps — 7Q)]h1(P2)d: (P} (P: + AQ)
— {:1(P2)[1 + 0F%c1(p2 — AQI[1 + 0h°cdy(py + 7iq)]
— 0h3c[l + 6hPcdi(po)]bi(P2 — AQé:(P1 + 7q)}pi(p1)
+ {bu(py + AQD + 0A%ch(PIIL + 0h°chy(ps)]

— 0h3c[l + 0hPchi(py + iQ)b1(P1): (P}l (D2 — fig)
— {b(PII1 + OFPcés(p + AQI[1 + Oh’chy(p, — 7iq)]

— 0h3c[l + 0h’cdi(py)lbi(Pr + AQ)di(p2 — Q) (D2)) (5.12)

where all functions p{ and ¢, are at time z. By putting 6§ = —1 for the
fermion case, this equation coincides with the equation derived by Résibois
and Dagonnier.®®

6. CONCLUSION

We have formulated the perturbation theory of the two-resolvent method
in a superspace and given a diagrammatic method so that a description parallei
to the one-resolvent method is possible with the use of the concepts of the
creation part, the diagonal part with collision s.operators, the destruction
part, and the propagation-of-correlations part. Qur method offers practical
applications to physical systems and improves the usefulness of the two-
resolvent method for large quantum systems. We have further developed our
diagrammatic method so as to be able to treat the quantum statistical effect
through the concept of a moving contraction. For a quantum statistical
system, it has been shown how the contracting procedure given here is much
simpler than that of our previous work®% with the one-resolvent method,
and this simplicity enables us to treat the complicated quantum statistical
effect more easily.
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Finally, we comment on the relation of the extension of our theory to a
more general hydrodynamic system without the linearizing condition, to the
recent developments of the one-resolvent method. For such a system, Severne®
developed the one-¥esolvent method based on the cluster decomposition of
the correlation function, and an extension of this theory to the quantum
statistical system has been attempted by Balescu®® based on the correlation
pattern. In order to develop our theory in this direction, we have to extend
the concept of the vacuum component, which is now defined by the Fourier
component p,r having wave vectors smaller than the inverse of the hydro-
dynamic length L,. This definition implies that the vacuum component for
the hydrodynamic system can be factorized as

@' ) =] 1 [T r@i(e) 6.1)

with |k;| € Ly *fori = L,...,r. For such a case, the quasidiagonal s.state, which
is defined as an off-diagonal s.state with small gaps of momenta of the order
of #L; *, plays a central role similar to the diagonal s.state in the homogeneous
system. Consequently, the quantum statistical effect also appears through this
quasidiagonal s.state. Then, an extension of the contraction is required so as
to take account of the effect of the reduction of the Fourier component having
large wave vectors into one having small wave vectors by interchanging the
role of particles in the density s.state. This is achieved by collecting the terms

’ 08K(hk,.—hk’+pi+ﬁki—pj+ékj)

Iy ~K| <Lyt 2 2

h ! 4 ! pr- -r
xPk,+k',k,—k'(l’i+§kan_'2‘ksP ?|p" ) (6.2)

from the first term pyr of the contraction formulas (4.3).5 In (6.2), the prime
on the summation sign indicates the exclusion of k' = 0. We call this new
reduction “quasicontraction.” In our diagrammatic method, the quasi-
contraction (6.2) is represented as shown in Fig. 26, where particle lines
other than i and j are not drawn. A typical one-sided *“quasidiagonal frag-
ment” is shown in Fig. 27.

5 We can show that the summation of the contracted parts in (4.3) with (6.2) is the same
as the term obtained from Balescu’s symmetrization operator Pu(i; j) acting on ma(i; )
in Ref. 10.

Briki pedk k| P-tk;
YL

¥

P 1
P.+éb. §+éh.-k %'Shd‘

Fig. 26. Diagram corresponding to (6.2).



Theory of Irreversible Processes in Nonequilibrium Quantum Systems. | 387

f

|4 R -k, i A

] ‘ ¥
Aitak Resk+d B+ikte+k! Btihttessh! P+3k k! o rf'il'kl
1t
1% 2,§ T

Fi k-9 N\ -t +ki P-1-2"+k{ P +k! —4 P.
4’

pS E—k; 1 ' Ps

Fig. 27. Typical one-sided quasidiagonal fragment in the hydrodynamic system.

Under such an extension, we may expand our two-resolvent method
into a formalism including nonlinear hydrodynamic systems. The details of
this formalism will be given subsequently in this series.

APPENDIX A

In the appendix, we give the reduction formulas for exposing all the
poles at / = 0 in a diagonal s.state. We first introduce a “diagonal s.state
function™ (d.s. function) ¥ by

. ' ’ ’ ’
‘F(aOa O geeny Oy Qg s Oy peeny Oy Izs Z)

1 1 1 1
- 1 G s G Gal)
X s Gule) s Gale) s GulE) g (AD)
Uy — 2 "y — 2 A v -z

where o; = o = « for all i and j, and the abbrev1at10ns o for E, and G;
for G,, are used. The tetradic element («; «|D”(z) D =(z')|e; «) in (3.2) can be
expressed by the summation of the d.s. functions over all m and #. The d.s.
function obeys the following reduction formulas:
IP‘((xo,..., (oo (xo,,..., OCn’IZ, ZI)
1 7 4 !
= IT7 —em [GL ¥ (g ,ens O3 01, 0|2, 27)
+ (= G)¥(o15eens 5 0oy |2, 2)] (A2)
Yo,y s 00 yeny o]z, 2')

= [LF(OCO aeens G 0‘0,9'--, 06;1_1[2, Z,)Gn’
+ W(ctg,ees Emo13 O seees 4|2, Z)W(— Gri)] Z_—_Z'—.:-Tmn (A3)
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where «;; = o; — o/, By iterating (A2), we get

Wt eeey O 00 5enes 057]2, 27)

i — G, P —— [Go¥(egsees Oys 03,enny 020"[2, 27)
+ (_Gl)l}’(ala-”: am; 061’,..., Ly, IZ: Z’)]
1 1

t T T (-G P — [Go ¥ (s o sy 0|2, 2)

+ (= G)¥(eg,e.., 0 og'seny an']2, 27)] (A4)

By iterating this formula until all possible factors (z — z’ — «;;)~! are
exposed, we get the decomposition of the d.s. function as the summation of
(m + n)!/(m! n!) terms, each of them having the factor

1 1 1 1
o, ZG7+1 O 1 _‘ZGH—Z oy_q — ZGm ty — Z (0 sSrs m) (Asa)
or
1 1 1 1
_us — Z’ Gs’+1 &';':1__'__7/ Gs’+2 “;L—l - ZI Gn' anl — ZI (0 SRS n)

(A5b)

on the right side and having the remaining diagonal fragments — G; and G,
with the factor (z — 2z’ — «;) 7. In the product of these remaining factors,
there appear all terms corresponding to those permutations among the
diagonal fragments — G, and G]-’ that are on opposite sides of the A line (no
permutations among the fragments on the same side of the A line appear,
since there already is order among them). Then, if each fragment of a
diagram is arranged in accordance with the order of this decomposition, the
ordered product representation is obtained.

Furthermore, if (A3) is used instead of (A2), a similar decomposition is
obtained, but in this case, one of the two factors similar to (AS5) is located on
the left side in each term. Then this new decomposition leads to another
ordered product representation such as in Fig. 7.

APPENDIX B. Derivation of (3.29)
By evaluating the poles at / = 0 in (3.24), we have

palBi 0 =52 > 5 o (G + ) W OAD R Ol (BD

where 0, = /2] and the bra and ket notations have been abbreviated and the
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destruction part has been omitted for simplicity (this part leads to no new
aspect in the resultant equation). Differentiating (B1) with respect to ¢, we get

ifi Ospo, 5PV 1)
1 - v < —it\"
w228 2 me e (7)

x [BxeDET " *xz™(DA(D]po([P™; 0)]1 410 (B2)

On the other hand, from (3.28) we have

wl) = 5[ dr ) (83)

and thus

oDl o =5 | (5) %) (84)

Substituting (B4) into (B2), we have

it atPO,E(lPN; 1)

m-—r 1

2‘72."0 deXE T) iészor!s!(m—r—s)!
() (F) e DAs01eap™: O
_ %TJ: dT;XE'(T);_ i [ (t— )+ a]

X XEm(l)AE(l)Po(!P’N§ 0)]1: +i0 (BS)

Then, substituting (B1) into the right-hand side of (B5), we arrive at the
asymptotic master equation,

opnslp's0) =7 [ S @pspso=n @9

APPENDIX C

We show here that if the reduced properties of the system are of interest,
it is enough to treat only the connected diagram containing the fixed particle.
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To illustrate this, we consider the example of the single momentum distribu-
tion function defined in (2.23), i.e.,

$i(py, 1) = (BPQ-HN-1 z z (%)2£‘ dz L dz' e—itz=an

p'N-1 ¥
N
x (% Y| ZR>(2)R<(2)Zp"; M ] [ 407,00 (CD)
i=1

where it is assumed for simplicity that only the vacuum component p, does
not vanish at the initial time # = 0. The summation >, ¥-1 in (Cl) is taken
over the momenta of the particles, except for the fixed particle 1. Each
diagram contributing to (C1) consists in general of several subgroups con-
nected partially through their interactions. The subgroup containing the fixed
particle is called the ‘“fixed subgroup,” and the others the “unfixed sub-
groups” (see Fig. 12).

As has been discussed by Hugenholtz,*® the summation of all possible
diagram obtained by ordering a set of disconnected subgroups can be ex-
pressed in a simple form as a convolution integral. For example, the summa-
tion of the left sides of the A lines in diagrams (a) and (b) in Fig. 12 can be
expressed as

1 , 1
v v
Ep—z (g Ey, +napi-nap¥ "2 — Z @) Ey, + 1,00~ na,0,+ 1 ,ps - p¥ "t — Z
1 , 1
+ v
Ep — z (q)Epf+ﬁq’,ps—hq’,p"’2 -z
x o(q) 1
Ep, + na,pi - na,py + 1t v —n ot — Z
1 1 1
= D o
By — 2 @) Epysnap-na — 2 Epv-2— 2z
1
x v(g’ C2
(q ) Ey, + et ps—nar,p¥ -t — Z €
where the symbol o indicates the convolution integral,
-1
f@)og) = 7 | duse - De@) (©3)
i Jo

and the path of integration C is a contour encircling all singular points of the
integrand on the real axis, but not encircling the singular points located on
the straight line through z parallel to the real axis.
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This theorem can be extended to the product of two resolvents
R>(z)R<(z') depending on the two complex variables z and z’. Then, the
summation of the diagrams (a)-(d) in Fig. 12 is simply expressed by

1 1 1

u(q) . v(q) ;
Epip — 2 Ey +nami-na — Z Epy +naps—ra — Z Epipe — 2
G'E'Nz—- U(qI)E : N4 E 1 N-2 — Z'
pY - z Dy + A’ Dy — G, D — Z Ly +ng,ps— e’ p" ~ z
o) o (C4)
Epn-2 — z

where the symbol ¢ indicates the product of the convolution integrals on z
and z/,

J@f(2) ° g(2)g'(2") = [f(2) ° gIf'(2) » £'(2")] (C5)

With the aid of this theorem, we can decompose the product of the two
resolvents in (C1) into a convolution integral consisting of the fixed subgroup
(f) and unfixed subgroups (uf) as

PR>(2)R“(2)7 = [PR*> (2)R*(2)7]; ° [ZR> ()R ()7 )t (C6)

The evolution s.operator %(t), which is the Laplace transform of the product
of the two resolvents, is therefore decomposed into a product of evolution
s.operators for the fixed subgroup and the unfixed subgroups. Then we get

$1(p1, 1) = (APQ-H)" 2 Z; EN @ 0¥ |[2O)p™ ;2™ [ [ 410/, 0)

pN -

o
X QYT S S @R IOLd™ 2 [ 46/, 0) ()
p¥" p'¥” i
where N'is the number of particles in the fixed subgroup and N” is the number
in the unfixed subgroups; N = N’ + N". The second factor in (C7) has the
same form as (3.30) in the limit N” - c0. Therefore, all diagrams having
potentials cancel through the compensative relation of the diagrams, and
only the noninteracting term gives a contribution as unity. Thus, we arrive
at the final result,

N

$1(p1, 1) = (FEQHV 1 S S @V pV|[2OLpY ;)] [ 410/, 0) (C8)
pV —1 p'F’ i

where all diagrams on the right-hand side comprise the fixed subgroup. This

can be directly extended to more general cases and hence the statement is

proved.
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